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Ferrimagnetic resonance lineshape asymmetry due to Suhl instabilities

P. Dorsey, J. B. Sokoloff, and C. Vittoria
Northeastern University, Boston, Massachusetts 02115

(Received 28 January 1993; accepted for publication 22 April 1993)

We present calculations of the ferrimagnetic resonance lineshapes resulting from second order
Suhl instabilities for thin films and spheres. We find that whereas a spherical sample has a
lineshape which is symmetrical around the resonant frequency, a thin film has an asymmetrical
lineshape. The calculations are in agreement with measurements that we have performed of the
lineshape as a function of input power for thin film samples of both barium ferrite and yttrium
iron garnet. When the magnetic field direction is changed from perpendicular to parallel to the
film plane, the asymmetry of the lineshape at magnetic resonance changes in opposite sense
relative to the resonant field. Theoretical estimates of the critical microwave field necessary for
second order Suhl instabilities to occur are in agreement with measured critical fields.

I. INTRODUCTION

It is well known that nonlinear microwave effects man-
ifest themselves quite readily in ordered magnetic materials
which exhibit narrow ferromagnetic resonance (FMR)
linewidths, such as yttrium iron garnet (YIG) and barium
ferrite.! The FMR linewidth of YIG at 9.6 GHz is as small
as 0.25 Oe and that of barium ferrite is 23 Oe at 70 GHz.
In FMR experiments with the microwave magnetic field
transverse to the applied static magnetic field, nonlinear
effects have been observed as a broadening of the resonance
linewidth and the appearance of a broad subsidiary maxi-
mum at half the resonant field. At higher power, hysteretic
behavior known as foldover effects have also been observed
in FMR experiments.” Besides changes in the lineshape
chaotic effects have been observed in single crystal samples
of YIG.! In a chaos experiment the response as a function
of time and power are measured. In order to describe either
type of experiment, one must invoke a nonlinear theory.

In this article, we apply Suhl’s theory of a second order
instability>* due to nonlinearity to calculate the FMR line-
shape for films excited at the bottom and top of the zero
wavevector spinwave manifold. This corresponds to put-
ting the external magnetic field perpendicular and parallel
to the film plane. We predict a characteristic asymmetry of
the lineshape which depends on the direction of the exter-
nal field relative to the film plane. The calculated lineshape
is in reasonable agreement with our FMR measurements at
high power on thin film samples of both barium ferrite and
YIG. We take advantage of the fact that in the thin film
configuration the uniform mode can be made to fall at the
top or bottom of the zero wavevector magnon manifold.
We propose that by observing the lineshape as a function of
microwave power in an FMR experiment, it should be
possible to identify the onset of nonlinearity. Specifically,
the occurrence of an asymmetric lineshape in an FMR
experiment signifies the onset of nonlinear spin interactions
in ordered magnetic materials. In Sec. II, we describe the
nonlinear theory based on Suhl’s work on the theory of
spinwave excitation at high power and in Sec. III, the
FMR experiments at high power. The concluding remarks
are given in Sec. IV.
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. THEORY

Suhl instabilities near the FMR frequency (i.e., second
order Suhl instabilities) lead to a broadening of the line
and a reduction in its intensity.>* For a thin film sample
with the dc magnetic field applied perpendicular to the
film, the resonance frequency w,. occurs at the bottom
edge of the magnon manifold. Thus, for frequencies
slightly above @, the uniform precession (k=0) magnon
is energetically degenerate with other (primarily k=0)
magnons which could become unstable, but for frequencies
below w,, there are no magnon modes. In this section we
calculate the effect of the interaction between the (k=0)
uniform magnon and the other magnons degenerate with
it. We shall see that since this interaction can occur only
for @ > w,, it leads to an asymmetric lineshape.

Our calculation of the asymmetric lineshape follows
the discussion of Ref. 4, in which » was set equal to .
We extend Suhl’s calculations to @ <@, and o > . It is
necessary to extend the calculations to all frequencies near
@y in order to obtain a lineshape. Suhl’s discussion begins
with the following equation of motion for the magnetiza-
tion M(r,z) in an effective field H.4, which includes both
the applied and exchange fields,

dM(r,z)
dt
Since the precessional motion is circular, it is convenient to

introduce the variables M* =M . iM,,. Then, Eq. (1) be-
comes

M =iM* [0g+ 04+ 0alV*M;] —M,[vhe

= —y[M(r,?) X H] +damping term. (1)

+ 0 VM T + Oyt iwg), 2)

where wy=vH, 04,=YN,M,, and a=x, y, and z. H is the
external applied field, IV, is the demagnetizing factor in the
a direction and y=ge/2mec. The following transformation:

ay = Aby—b™® 5 (3a)

a¥* = —pib+ by, (3b)
where a, = (2m) "' [d*rM™* (r)e*'F, the Fourier trans-
form of M, diagonalizes the linear approximation to the
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equations of motion in terms of the spinwave variable by,.
Ay and py are chosen so that the linear approximation to
Eq. (2) will reduce to

by =ioyby, (4a)

b* =i, (4b)

for k%0, where w, is the spinwave frequency. The solution
of the linear approximation to Eq. (2) for k=0 (i.e., the
uniform precession mode) is

Gy=Yh e[ (0rs— @) +imo] ™ =ade™, (5)

where A, is the microwave field, 1, is the intrinsic line-
width, and ay is the amplitude of the uniform magnon. To
second order in @), if we write by as bpe, Eq. (2)
becomes®

By =Ead(b° ) ke, (6)

where £, is a combination of various parameters in the
problem, given in Eq. (5) of Ref. 3. The other nonlinear
terms in Eq. (6) are neglected here because they oscillate
much more rapidly than the term on the right hand side of
Eq. (6) for w close to o, . Setting by, = v,&"?~“%* and sub-
stituting it in Eq. (6) gives

d . 3 032,.% 7
‘—Z,;-i—l(w—'wk) =i (ag) %, (N
which when combined with the corresponding equation for
v¥, gives

d? '
(a?’{‘(w_‘wk)z_gilagl“)vk:o’ (3)

whose solution increases exponentially for
|a8|4) (0—pe)?, iee., for sufficiently large kg or micro-
wave power to make |a3|* greater than this critical value
[as seen from Eq. (5)]. Adding a dissipative term and a
linear coupling to the uniform mode (which is responsible
for the scattering of the uniform mode into the k=20 modes

due to scattering by surface pits) to Eq. (7), we obtain

.. 2 .
= o0y + Voo + EkBoVE 1 — M s (9a)

— 0% = V®  +vioad + EF (af) 2o+ im® (9b)

where 7 is the linewidth of the magnon of wavevector k
described by Eq. (9), v is the strength of its coupling to
the uniform magnon mode, and & == 0.5/1ﬁ(a)e,(12k2
— Nqw, + wy (k2/k*), where N1 is the demagnetizing fac-
tor in the plane of the film. Equations (9a) and (9b) are
identical to equations above Eq. (iii) in Ref. 4. The corre-
sponding linearized equation for the uniform mode is

iy = restl+ % Vobk— iodo+he™. (9¢)

Solving Eq. (9b) for v¥, assuming that v, xe™ ", we ob-

tain

- Vioad +EF (a) .
—_k=

W— o, — vy
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and substituting this expression for vf in Eq. (9a), we
obtain

. x| ao| >+ (0 —w—in)
k=00 (o o) Vi &l P ag|

This expression is then is substituted into Eq. (9¢) for v to
give

ad=h,| (00— Opes—Ns5pS1) +i(Mo+15p52) 17,

iwt

(10a)

where a is defined by ay=ale ™’ and

w—an+ | ap| *— iy

e~ il a0+ (@ —)*’
(10b)

S=8,+iSy= 2, N(wy) "
k

where N (wy) is the magnon density of states and 7, is the
contiribution to the spinwave linewidth due to two magnon
scattering (primarily by surface pits) in the low power
limit. To obtain Eq. (10), we have used the Fermi golden
rule expression for 7,, namely 7, = wvioN (@y) to elimi-
nate vo. The quantity S represents the “self-energy” whose
real part gives the frequency shift and whose imaginary
part gives the damping of the uniform magnon mode
caused by its interaction with other magnons. The appear-
ance of |a}| in Eq. (10b) indicates that S includes the
effects of nonlinearity. In the limit as @ becomes zero, the
real and imaginary parts of S reduce to usual expression
for the frequency shift and damping, respectively, in the
low power limit. Following Ref. 4, we replace the summa-
tion over k by an integral over wy, neglecting the variation
of N(wy), m and &, with k since most of the contribution
to the integral comes from the vicinity of @, =w. Further-
more, we will assume that the contribution to .S from the
integral resulting from the term with the o —w, factor in
the numerator of the expression that is being summed over
in Eq. (10b) has been absorbed into w,.. This is justified if
7 and &y are sufficiently small. In that case this contribu-
tion will have very little dependence on |a8|4. Then, we
find for the imaginary and real parts of .S for applied field
perpendicular to the film

Sy=(1—|ad/a.|*) ~O5{n/2—arctan[ 15  (@es— @)
X (1—|dg/a | ) ~%1},
Sy=m""]ay/a;|*S,,

(11a)
(11b)

where a.= (1,/&)%° for |a3] <a,, and for lagl greater
than this value the quantity (1—|a)/a.|*) " is replaced
in Eq. (11a) and (11b) by an infinitely large quantity. The
quantity a, is the value of @) at which nonlinearity becomes
important. Let us take the square of the absolute value of
Eq. (10a),

](18 2=h§[ (m—wres_ﬂspsl)z‘f‘ (7]0+77spS2)2] -1

Although it will be seen shortly that for nonzero values of
7sp there is really not a sharp threshold value of the mi-
crowave field at which the second order Suhl instability
begins to occur, we may still define a characteristic field

(12)

near which the Suhl instability becomes important (4,;) by

Dorsey, Sokoloff, and Vittoria 1939



ac=th0=hc[a"wres+i(770+775psg)]—1’ (13)

where y, is the susceptibility one would have if there were
no nonlinearity (i.e., if the parameter &, were zero) and S9
is the value of S, at a3 equal to zero. SJ is nearly equal to
7 for @ well into the magnon continuum and 0 well below
the continuum. Then the field A, represents the microwave
field that would produce a uniform precession amplitude
equal to a, if there were no nonlinearity present. Combin-
ing Egs. (12) and (13), we have

(a)—‘wres)z‘*' (770+77sygg)2
(w_mrcs+sl)2+ ("70+SZ)2 ’

where the ratio of the microwave power to the power at
microwave field 4, is given by P=h2/k2. Equation (14) can
be solved graphically by plotting its right and left hand
sides as a function of |a§|? as was done in Ref. 3 for the
first order Suhl instability. This is illustrated in Fig. 1. It
should be noted that the plot of the right hand side of Eq.
(14) drops to zero when o —w, greater than O but not
when it is less than O. This occurs because in the second
case, S, in Eq. (11a) becomes equal to (@,s—®) ! when
the factor (1-— |a8/ac|2)—°-5 becomes infinitely large,
whereas for the case of (@—w,) greater than zero, S,
becomes infinitely large. In Ref. 3 the right hand side was
a step function, which implied that when the intersection
occurred on the vertical part of the step function, |aJ|
would remain fixed at the value at which the vertical part
of the step function occurs, which means that |a)|, the
uniform mode amplitude will saturate at a fixed value once
the microwave field is above the threshold for the first
order Suhl instability. In our case the right hand side is not
a step function, and hence, the uniform mode amplitude
will not saturate until the microwave field becomes infi-
nitely large. (Actually, in the limit as 74, becomes zero, the
right hand side of our equation will become a step function,
and we will again get saturation of the uniform mode am-
plitude above threshold.) From Eq. (14) and the definition
of the susceptibility y =ad/A,, we find

/el (0~ 0res) >+ (10 +75553)
XX = (o — o +51)F (0452

|ad/a.|?P/P= (14)

(15)
and

Im y=Im xo]x/%0|*(Mo+Msy52)/ (o +1spS%).  (16)

Equation (14) was solved graphically for |ad/a.|? and
Im y was calculated from Egs. (15) and (16) for a few
values of the microwave power P« k% The results are il-
lustrated in Fig. 2, where Im y is plotted as a function of
Ws— for several values of the microwave power. Since
our samples have narrow FMR linewidths, 7, is expected
to be comparable to 7 (the intrinsic limit), and hence, we
took 7, =1 in these calculations. Since w,,, increases ap-
proximately linearly with the dc field H, this is effectively a
plot of Im y as a function of H. What we see is that since
the resonant peak occurs right at the lower edge of the
magnon continuum, the half of the resonant peak in Im y
which is inside the magnon continuum (i.e., for @ > o) is
suppressed in intensity more than the half which is below

1940 J. Appl. Phys., Vol. 74, No. 3, 1 August 1993
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FIG. 1. The solution of Bq. (14) is illustrated. The left and right hand
sides of Eq. (14) (denoted by LHS and RHS, respectively) are plotted as
a function of |a}/a,|? for P/P,=2 and for (a) (@—w15)/Mp=1 and (b)
for (@—areg) /= —1.

(above) the continuum in frequency (field). [Incidentally,
there is still some effect of nonlinearity, even below the
continuum because of the mixing of the magnon states
caused by scattering from surface pits (i.e., because of the
Vo parameter in Eq. (9)]. The net result is that for the
power P well above P, there is a peak for o just below the
magnon continuum, which has a steeper slope on the high
frequency side of the peak than on the low frequency side.
Just above this peak in frequency there exists a shoulder,
which peaks just above the bottom of the magnon contin-
uum. For P/P, equal to 2, the shoulder and the peak have
nearly the same intensity, and for P= P, they have merged
into one peak, although the peak is still asymmetrical. (Of
course, for the limit as @) becomes zero, the peak is a
Lorentzian symmetrically centered around o, .)

Now let us consider the FMR lineshapes expected for
two sample geometries, spherical and planar. The self-
energy term due to nonlinearity S in Eq. (12) will become
infinitely large only when lagl becomes equal to or greater

Dorsey, Sokoloff, and Vittoria 1940
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FIG. 2. (a) Imaginary part of the susceptibility versus (s — @0}/, fOr 199=74, and for (a) P/Pc= 1, (b) P/P.=2, (c) P/P,=10, (d) P/P,=100 for

the dc magnetic field perpendicular to the sample.

than a,. When o lies in the spinwave continuum, this crit-
ical value can be fairly small, and there will be a solution to
Bq. (2) for small critical fields. Using Ref. 3 or 5 we esti-
mate that for barium ferrite, for which the intrinsic line-
width is about 30 Oe at a frequency of 80 GHz, the critical
electromagnetic field is only 1 Oe and about 1 mOe for a
YIG sample with a linewidth of 1 Oe at 9.5 GHz. When we
are outside the continuum, the required critical field be-
comes much larger. Thus, for the case of thin films, for
which the resonant frequency lies at the bottom of the
magnon continuum,’ the resonant lineshape will be asym-
metrical as illustrated in Fig. 2 because the Suhl effect will
only occur for frequencies in the magnon continiuum (i.e.,
above the resonant frequency).

If the dc magnetic field is applied parallel to the film,
the uniform magnon will occur at the top of the spinwave
manifold (see Fig. 3). This corresponds to magnons prop-
agating within the plane of the film for which the param-
eter &y is zero if k=0 because in the expression for &, given

1941 J. Appl. Phys., Vol. 74, No. 3, 1 August 1993

under Eq: (9), N is zero and at the top of the k=0
magnon manifold k,=0. This implies that a, is infinite. For
nonzero k, however, the threshold field is not infinite. Us-
ing the fact that the spinwave stiffness for YIG is ~10~°
Oe cm? and that w, is about 140 Oe, we estimate that for k
of about 10° cm™! the value of a, and thus the critical field
will be comparable to the value it would have if o, were
at the bottom of the magnon manifold. When o 1s in-
creased sufficiently far above the top edge of the k=0 con-
tinuum (see Fig. 3), however, the Suhl instability will no
longer occur. Even though nonzero wavevector magnons
degenerate with o to become unstable still exist, they have
values of k£ much larger than tlie inverse size of a surface
pit (about 10° cm™1). Since the parameter vy drops to
zero when k becomes much larger than the.inverse pit
size,’ it can be taken to be negligibly small. Thus, all (non-
zero k) modes above a certain frequency near the top of
the magnon manifold are decoupled from the uniform
mode. Therefore, we expect an asymmetric lineshape to

Dorsey, Sokoloff, and Vittoria 1941
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FIG. 3. A sketch is given of the magnon manifold for the case of H
parallel to the film. Here  is the driving frequency and k. is the wavevec-
tor of the unstable mode corresponding to frequency o.

occur at the top of the spinwave manifold like that which
occurs when the resonance occurs at the bottom of the
continuum, except that the lineshape will be the mirror
image of the lineshape which occurred for the latter case.
By comparison, when the sample is spherical, the resonant
frequency will lie within the spinwave manifold,” and
hence, the lineshape will be symmetrical, although the Suhl
instability will lead to a broadening of the linewidth.

Ill. EXPERIMENTAL RESULTS

We have performed FMR experiments on films of both
barium ferrite (measured linewidth 30 Oe at 80 GHz) and
YIG (measured linewidth 1 Oe at 9.5 GHz) produced by
the laser ablation technique.® High power experiments
were performed on YIG films with the dc magnetic field
both perpendicular and parallel to the film plane using
standard FMR cavity perturbation technique. The reso-
nant frequency of the cavity was 9.5 GHz. Barium ferrite
films, however, were placed in a waveguide arrangement
and the frequency of operation was 80 GHz. The experi-
ments consisted of sweeping the magnetic field through the
magnetic resonance at fixed frequency. The input power
was measured for each_sweep. The critical power for the
onset of nonlinearity was determined by noting the power
at which the lineshape was visibly distorted. Representa-~
tive scans are shown in Figs. 4 and 5. As can be seen, these
results compare quite favorably with our theoretical calcu-
lations based on Suhl’s theory shown in Fig. 2 in the sense
that the slope of the absorption spectrum is steeper for
>, or H less than the resonant field (i.e., inside the
spinwave continuum) than for o <w,, (as can be seen in
Fig. 4 by the fact that the peak in the derivative spectrum
shown in this figure on the low field side of the resonance
is larger than the one on the high field side). That is, the
experiments qualitatively agree with the shape of the major
peak in the calculated absorption spectrum shown in Fig.

1942 J. Appl. Phys., Vol. 74, No. 3, 1. August 1993
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FIG. 4. Measurements of the FMR power absorption as a function of the
dc field, applied perpendicular to the film, for frequency fixed at 80 GHz
for films of barium ferrite, (a) for P> P, (b) for P<P,.

2. The shoulder found in these calculations was not ob-

~ served, probably because of the uncertainty in the location

of the baseline in the scan.

In order to support the idea that the asymmetry comes
about because of the location of the resonant frequency, we
have also presented FMR measurements with the dc field
parallel to the film. The results are presented in Fig: 6. As
can be seen, the resulting spectrum is approximately the
mirror image of the FMR spectrum with the field perpen-
dicular to the film, which is what is expected since chang-
ing the dc field direction shifts the resonant frequency
(field) from the bottom (top) to the top (bottom) of the
k=0 magnon continuum. As mentioned earlier, although
for o, well above the zero wavevector magnon continuum
unstable modes still exist, since these modes must be of
nonzero wavevector and since vg, becomes negligibly small
for k greater than the reciprocal of a typical pit size,” these
modes will make a negligible contribution and hence there
will effectively exist a top edge of the k=0 magnon con-
tinuum, namely the value of @, for which v, becomes
nearly zero. The critical microwave fields for the onset of
nonlinearity determined in these experiments were 5.8
mOQOe for YIG and 300 mOe for barium ferrite, which are
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FIG. 5. Measurements of the derivative of the FMR power absorption as
a function of dc field, applied perpendicular to the film, for frequency
fixed at 9.5 GHz for films of YIG (a) for P>P_;, (b) for P<P,,.

comparable to the estimates given earlier of the critical
fields for the occurrence of Suhl instabilities, lending fur-
ther credence to our suggestion that the asymmetric line-
shapes observed by us are due to nonlinear effects. We find
no evidence of “foldover” effects? since we obtain the iden-
tical spectrum no matter which way we sweep the dc field.
Furthermore, our microwave fields are well below the
threshold for “foldover” effects.? In order to rule out the
possibility that our observed line assembly was due entirely
to heating effects, we have repeated our measurements on
barium ferrite films with the sample mounted on the me-
tallic short. The asymmetry was still observed. The very
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FIG. 6. Measurements of the derivative of the FMR power absorption as
a function of dc field, applied parallel to the film, for fixed frequency for
films of YIG (a) for P> P, (b) for P<P,.

fine cusp [in Fig. 4(a)], however, was not observed in these
data.
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