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STABILITY OF TRAFFIC FLOW BEHAVIOR WITH DISTRIBUTED
DELAYS MODELING THE MEMORY EFFECTS OF THE DRIVERS∗
RIFAT SIPAHI† , FATIHCAN M. ATAY‡ , AND SILVIU-IULIAN NICULESCU§
Abstract. Stability analysis of a single-lane microscopic car-following model is studied analytically from the perspective of delayed reactions of human drivers. In the literature, the delayed
reactions of the drivers are modeled with discrete delays, which assume that drivers make their control decisions based on the stimuli they receive from a point of time in the history. We improve this
model by introducing a distribution of delays, which assumes that the control actions are based on
information distributed over an interval of time in history. Such an assumption is more realistic, as
it takes into consideration the memory capabilities of the drivers and the inevitable heterogeneity of
their delay times. We calculate exact stability regions in the parameter space of some realistic delay
distributions. Case studies are provided demonstrating the application of the results.
Key words. memory, distributed delay, traﬃc dynamics, traﬃc ﬂow stability
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1. Introduction. Traﬃc behavior has been an important research topic since
the 1930s, with the of aim of reducing the undesirable social (e.g., vehicle accidents)
and economic (for example, congestion and increasing pollution) eﬀects of increasingly
complex traﬃc loads. For this purpose, one needs a good understanding of traﬃc
dynamics, in which many parameters or constraints play an important role, such as
the physical conditions of highways, mechanical properties of vehicles, psychological
states of the drivers, traﬃc laws, on- and oﬀ-ramps, multiple lanes, traﬃc density,
etc. The literature contains various models addressing diﬀerent phenomena; see, e.g.,
the survey [12] and the references therein.
Among the parameters that play a major role in traﬃc behavior, there exists
a critical one which has been recognized as early as the 1950s [4], namely the time
delay. It mainly originates due to the time needed by human drivers for sensing,
being conscious, and performing control actions [7]. Consequently, traﬃc dynamics,
and ultimately its mathematical models, inherently carry time delays. See, e.g., [2,
23, 19, 18, 26, 27] for some delay models and related discussions.
Stability characterizations of traﬃc models may be quite diﬀerent when time
delays are taken into account; for instance, a stable delay-free dynamics may become
unstable when delays are considered. Therefore, a thorough stability analysis of the
dynamics in the time delay domain is necessary. Without entering into details, we
shall consider a continuous-time microscopic car-following model proposed in [4, 21]
to describe traﬃc behavior. What distinguishes this study is the idea of incorporating
distributed delays in order to represent the memory of the drivers.
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Human-in-the-loop modeling. From the perspective of control theory, traﬃc
ﬂow can be seen as human-in-the-loop dynamics [16], since human drivers play the
major role in the evolution of the traﬃc ﬂow. Such a dynamical structure exhibits
richer and more complicated features not only due to the challenges of modeling
human beings, but also due to the delayed control actions of the drivers, which distinguishes them from fast response characteristics of sensors and controllers. On the
other hand, the modeling of time-delays representing the behavior of the drivers is a
challenge. Models in the existing literature make use of discrete delays [2, 27, 23],
which describe an action of the driver at time t that is based on what is experienced
at a point of time t − τ , τ ≥ 0, in the past. The stability of the arising dynamics
has been studied by several authors from various perspectives. See [2, 6, 18, 19] for
the utilization of nonlinear optimal velocity functions relating headway versus desired
velocity; [19, 18, 20] for one- and two dimensional bifurcation analysis as well as phase
diagrams characterizing oscillations, collision, and the stopping motion nature of the
traﬃc ﬂow; [27] for incorporating human driver modeling into traﬃc ﬂow where human adaptation and anticipation are considered along with multiple vehicle following
strategies and phase diagrams revealing collisions, oscillations, and accident-free trafﬁc ﬂow; and [23] for the stability analysis of traﬃc ﬂow in which multiple discrete
time-delays corresponding to diﬀerent time scales of reaction of human drivers against
velocity and headway changes are taken into account.
We note, however, that discrete-delay models can have their shortcomings. For
instance, regarding τ as a ﬁxed unchanging quantity with known value would ignore
the possibility that the dynamics may possess inherent “memory” eﬀects which use the
past history of the received information. Especially for the traﬃc ﬂow, the presence
of human drivers suggests that memory eﬀects should be taken into consideration.
Moreover, the behavior of individual drivers and their reactions are not identical, and
in reality exhibit a distribution of inhomogeneous behavior. Therefore, the use of
a model taking into account the distributed nature of the delays will yield a better
representation of reality. Such an argument has also some potential in modeling the
dynamics of human-in-the-loop systems [16], which will ultimately open new research
directions for designing driver assistance or semiactive controllers that can guide the
human beings for a safer drive in uncertain environments.
In the present work, motivated by the above reasoning, we model the delayed
action/decision of human drivers using distributed delays. The physical basis of the
model is the fact that the drivers perform their decisions based on what they continuously observe (during a memory window) from the evolving traﬃc ﬂow, during which
some information is retained and used in the decision-making process. These decisions are clearly limited by the capacity of the memory, i.e., the size of the memory
window, which will be an important parameter in the analysis.
Objective and approach. The main objectives of the paper are to (a) study the
stability margin of the traﬃc ﬂow dynamics over a microscopic car-following model in
the parameter space deﬁning the memory eﬀects, and (b) discuss the analytical and
physical interpretations of the results for several practical traﬃc scenarios.
For the stability analysis, we use a frequency-domain approach combined with
some simple geometric ideas, and give necessary and suﬃcient conditions for the
stability of the dynamics. In this context, we also explore whether the stability
region consists of a single connected set or of several “islands” (also called pockets) of
stability. We note that in the present text the stability is robust against small delay
variations (section 2); thus small delay perturbations do not induce instability; see
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some discussions in [24, 10, 17, 15]. The focus of the work here is an analytical study
of the eﬀects of distributed delays on the stability of traﬃc ﬂow.
Moreover, it is shown in [1] that distributed memory enhances the stability margin
in a network stabilization scheme. It is interesting to see whether a similar stabilityenhancing feature also exists in traﬃc ﬂow dynamics when the drivers make use of
the past history of the traﬃc evolution in their decision-making, which would clearly
have signiﬁcance in realistic traﬃc modeling.
To model memory eﬀects one can use common delay distributions, namely γdistribution with and without a gap, uniform distribution. As discussed below, the
ﬁrst two cases are easier to handle, whereas the uniform distribution needs a more
careful treatment. This mainly originates from a characteristic equation which does
not exactly ﬁt into standard classes treated in the literature, in that (i) the delay terms
appear not only in exponential terms but also in the coeﬃcients, (ii) the characteristic
equation includes complex coeﬃcients, which does not carry the features of those
with real coeﬃcients as treated in the literature [24, 17, 10, 15], (iii) there exist two
independent delay parameters; stability investigations under the presence of more
than one delay is quite complicated [9, 17, 22, 25, 24, 15].
The key ideas of our analysis are based on decoupling the dynamics into lower
dimensions and introducing an interconnection scheme interpretation from control
feedback systems theory. Such an analysis is the key to the complete analytical
treatment of the arising characteristic equation. Connections with existing approaches
and methodologies will be made in the following sections. In section 2, we present
the microscopic car-following model and the spatial conﬁguration of vehicles in traﬃc.
Section 3 introduces some preliminaries, and section 4 is devoted to the main results
on the stability analysis, where analytical and geometrical arguments for deriving
the stability results are developed. Section 5 illustrates the results with numerical
examples for several traﬃc scenarios, and a brief summary in section 6 concludes the
presentation.
Notation. We use R for real numbers, where an additional + or − sign as a
subscript indicates the positive and negative real numbers, respectively. Similarly, C+
and C− denote complex numbers with positive and negative real parts,√respectively.
The imaginary axis of the complex plane is denoted by jR, where j = −1. We use
s ∈ C for the Laplace variable, whose values on the imaginary axis are denoted by
s = jω for ω ∈ R. The eigenvalues of the matrix A are represented by λi (A). ∠z
denotes the argument of the complex number z.
2. Microscopic car-following model with distributed delays. Although
undesirable, the presence of time-delays in the process of decision making and performing a control action by human drivers is neither avoidable nor negligible (e.g.,
[27, 26, 2, 23]). In this section, we develop memory eﬀects on a conceptual microscopic
car-following model.
Microscopic car-following model. In order to understand the behavior of trafﬁc ﬂow and to propose ways to avoid its undesirable eﬀects (congestion, accidents,
economic losses, time losses, degradation of the quality of the environment), various mathematical models have been proposed in the literature [8, 12, 6, 18, 27, 26].
Despite the available results, the topic still oﬀers open problems today.
A main direction in traﬃc research is focused on highway traﬃc models [27, 19,
12, 6], since travel times on highways are longer and travel speed is relatively high,
and health and economic issues are largely at risk [12]. Furthermore, in most cases
a single-lane problem is considered. Such an assumption is quite realistic and also

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

STABILITY OF TRAFFIC FLOW WITH DISTRIBUTED DELAYS

741

allows one to obtain further insight on the problem due to its simpler mathematical
formulation. This type of model also forms the main focus in our study. A single-lane
traﬃc ﬂow, in which a chain of vehicles travels at a constant velocity (so-called quasi
steady-state) without changing lanes, is considered. We use a microscopic model in
which the dynamics of individual vehicles and drivers is taken into account. Despite
the simplicity of the model, an analytical stability investigation becomes nontrivial due
to the presence of time-delays, as we present below. Furthermore, there exist various
complications in realistically modeling human beings and their delayed reactions.
The primary interest in this work is to shed light, from the perspective of memory
eﬀects of human drivers, on the stability of traﬃc behavior. As a starting point
in this new direction, the linear stability analysis of the perturbations around the
constant-velocity solutions will be of particular interest in order to reveal the stability
features with respect to the parametric domain deﬁning the memory eﬀects. In order
to achieve this, a linear mathematical model inspired by earlier work is introduced
in what follows. Due to the linear stability analysis, however, the mathematical
model considered here is not dependent on some additional parameters deﬁning the
traﬃc, such as dependence on headway, drivers’ sensitivity as a function of headway,
acceleration and deceleration characteristics, human anticipation, etc. Readers are
directed to the work in [6, 12, 20, 27] for more elaborate models.
Discrete-delay models. Many studies in the literature model the time-delayed
actions of the drivers by a discrete delay τ . One such microscopic car-following model
is given as [4, 12, 21, 23]
(2.1)

v̇i (t) = κi (vi−1 (t − τ ) − vi (t − τ )).

This model represents the dynamics of the velocity perturbations vi around constantvelocity solutions (the equilibrium at which all vehicles travel at a constant velocity
V ) of the traﬃc ﬂow. The parameter κi > 0 denotes the sensitivity of a driver to
the velocity diﬀerence between his vehicle and the one in front, and gives a measure
of the driver’s reactivity (aggressiveness) based on his experience and knowledge of
the environment. For further information on discrete-delay models, refer to [2, 6,
18, 20, 27]; on the links between the stability features of discrete-delay models and
Hopf bifurcations, some interesting arguments can be found in [18, 20, 19]; and on
the phase diagrams of traﬃc ﬂow characterizing collisions, oscillations, and accidentfree ﬂow, see [20, 27]. The cited references are also valuable sources for various
mathematical models over which additional parameters not considered here, such as
headway, sensitivity, acceleration, and deceleration dependence can be studied.
Distributed delay model. By incorporating a general memory eﬀect, f (τ ), into the
system (2.1), we arrive at the following generalized model:
 ∞
(2.2)
v̇i (t) = κi
f (τ )(vi−1 (t − τ ) − vi (t − τ )) dτ,
0

where we assume that the delay kernel f is a measurable function of exponential order.
When f is a Dirac delta function, (2.2) reduces to the discrete delay model (2.1). See
above for discussions of earlier work on discrete delay models.
Delay distributions. We will consider the following common distribution functions
f in the model (2.2):
(1) Uniform distribution. For δ > 0 and h ≥ 0, the distribution

1/δ if h < τ < h + δ,
(2.3)
f (τ ) =
0 otherwise,
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Fig. 2.1. (a) Uniform distribution with h being dead-time and δ being size of the memory
window. (b) γ-distribution with gap, h = 0.5, for p = 5 (dashed curve), p = 10 (thick curve), p = 20
(thin curve), where pq = 1.

Fig. 2.2. Ring and linear conﬁgurations of the traﬃc model with n vehicles.

represents an average of the information available in the short-term memory, and can
be considered as a ﬁrst order approximation to a more complicated distribution; see
Figure 2.1(a). It will be of interest to see how h (corresponding to some dead-time
before the perception of the sensory input by the driver) and the window size δ aﬀect
the stability.
(2) γ-distribution with and without gap. We have
⎧
p−1 −(τ −h)/q
⎪
⎨ (τ − h) e
if τ ≥ h,
(2.4)
f (τ ) =
q p Γ(p)
⎪
⎩
0
if τ < h,
where p, q are positive parameters of the distribution, Γ denotes the gamma function,
and the gap h ≥ 0 represents the dead-time. The mean value of f is h + pq, and the
variance is pq 2 (which exist for p > 2), which is a measure of the length of the memory
window, q being a scaling factor (q = 1, mean value = h + p, variance = p). It will be
of interest to see how the quantities h, p, and q aﬀect stability. See in Figure 2.1(b)
the γ-distribution with gap for various p values keeping pq ﬁxed.
Spatial conﬁguration of the model. We consider two widely utilized conﬁgurations
(Figure 2.2) with n number of vehicles: (a) vehicles traveling around a ring, and
(b) vehicles arranged along a linear path. In the linear conﬁguration, the vehicle
in front (for which we use the convention of labeling with index i = 1) travels at a
constant velocity, i.e., v̇1 (t) = 0. Hence, the linear conﬁguration can be derived from
the circular one by setting κ1 = 0.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

STABILITY OF TRAFFIC FLOW WITH DISTRIBUTED DELAYS

743

3. Problem statement and preliminaries. The system (2.2) can be expressed
in vector form as
 ∞
Jv(t − τ )f (τ ) dτ,
(3.1)
v̇(t) =
0

where v = (v1 , . . . , vn ) and J ∈ Rn×n is a conﬁguration matrix weighted by the driver
sensitivities κi . For the circular form of the conﬁguration in Figure 2.2, it is obvious
that v0 = vn ; thus the appropriate index selection in (2.2) becomes i = 1, . . . , n.
Consequently, the matrix J takes the form
⎞
⎛
−κ1
0
···
0
κ1
⎜ κ2 −κ2
0
···
0 ⎟
⎟
⎜
⎜ 0
κ3 −κ3 · · ·
0 ⎟
(3.2)
J =⎜
⎟.
⎜ ..
..
.. ⎟
..
..
⎝ .
.
.
.
. ⎠
···

0

0

κn

−κn

The conﬁguration matrix for the linear arrangement of vehicles is obtained by
setting κ1 = 0, and it is denoted by J  .
The characteristic equation for (3.1) is given by
(3.3)

χ(s) = det[sI − JF (s)] = 0,

where F (s) is the Laplace transform of f . We assume the generic case that J is
n
diagonalizable; that
nis, its eigenvectors form a basis for R . Then (3.3) can be expressed as χ(s) = i=1 (s − λi (J)F (s)) = 0, where λi (J) is the ith eigenvalue of J.
In the remainder of the text, λi will denote λi (J) unless otherwise stated. The roots
corresponding to the ith factor of χ, i.e., the solutions s of the equation
(3.4)

χi (s)  s − λi F (s) = 0,

determine the fate of perturbations along the ith eigenvector of J. The perturbations
die out if and only if Re(s) < 0 for all solutions s of (3.4). As the stability depends
on the spectrum of J, the following properties will be needed in the analysis.
Lemma 3.1. The conﬁguration matrix J has a simple zero eigenvalue, and all
its remaining eigenvalues have negative real parts. Furthermore, |λi | ≤ 2κmax , i =
1, . . . , n, where κmax = max{κi }. If κi = κ for all i, then the eigenvalues of J are
given by
(3.5)

λi = κ(ej2π(i−1)/n − 1),

i = 1, . . . , n.

If J  denotes the matrix obtained from J by setting κ1 = 0, then the eigenvalues of J 
are real and given by 0, −κ2 , −κ3 , . . . , −κn .
Proof. The rows of J sum to zero, implying that zero is an eigenvalue corresponding to the eigenvector (1, 1, . . . , 1) . The circular conﬁguration corresponds to
a (weighted) directed graph which is strongly connected; that is, there is a directed
path from every vertex to any other vertex. It follows that zero is a simple eigenvalue
of the graph Laplacian matrix, which is equal to J in the present case. Furthermore,
by Gershgorin’s theorem [13], the eigenvalues of J are located in the union of discs
(3.6)

λi ∈

n


B(−κ ) = B(−κmax ),

=1
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where B(r) = {s ∈ C : |s − r| ≤ |r|} is the disc centered at r ∈ R with radius |r|.
Hence, all nonzero eigenvalues of J have negative real parts since κi > 0 for all i.
Moreover, |λi | ≤ 2κmax by (3.6). One can also directly calculate the characteristic
polynomial of J by an easy expansion by cofactors to obtain
(3.7)

n


(λ + κi ) −

i=1

n


κi = 0.

i=1

So, if κi = κ for all i, then (λ/κ + 1)n = 1; i.e., λ/κ + 1 are the nth roots of unity,
which yields (3.5). The spectrum of J  follows from (3.7) by setting κ1 = 0.
We make the convention of labeling the zero eigenvalue of J as λ1 , and denote
the corresponding eigenvector as v1 = (1, 1, . . . , 1) . Hence, Re(λi ) < 0 for i ≥ 2.
Note that s = 0 is a solution of (3.4) when i = 1. This is the indicator of the rigid
body rotation of the whole conﬁguration of vehicles, and consequently the stability of
the conﬁguration is determined by the roots of the modiﬁed characteristic equation
(3.8)

χ̂(s) =

n


(s − λi F (s)) = 0.

i=2

Hence, car-following dynamics given by (2.2) is stable if all solutions s of (3.8) have
negative real parts.
Remark 3.2. Notice that all roots of the delay-free form of (3.8) are stable, as
per Lemma 3.1. This forms only the starting point of the stability analysis. The main
results presented in the following section reveal the necessary and suﬃcient conditions
for the complete stability analysis of (2.2) with respect to the parametric domain
of interest: delay distribution f (τ ) and the spectrum of J. Readers are directed to
some other models in the earlier cited references for the incorporation of additional
parameters that may play a role in the stability of traﬃc dynamics.
4. Main results. We ﬁrst introduce an interconnection scheme idea for the
characteristic equation (3.8), which will allow a geometric approach to the stability
analysis by an appropriate separation of parameters.
4.1. Interconnection scheme interpretation. Consider ﬁrst the uniform distribution (2.3), whose Laplace transform is
(4.1)

F (s) =

e−sh (1 − e−sδ )
.
sδ

Note that F (s) → e−sh as δ → 0, corresponding to the fact that f approaches a Dirac
delta at h, where one recovers the discrete-delay model (2.1) with τ = h. Using (4.1)
in (3.4) gives
(4.2)

χi (s) = s − λi e−sh

1 − e−sδ
= 0.
sδ

The singularity of χi at zero is removable since lims→0 χi (s) = −λi . Hence by deﬁning
χi (0) = −λi , we can treat χi as an analytical function and use arguments based on
the continuous dependence of its roots on the parameters. In particular, since λi = 0
for i ≥ 2, by Lemma 3.1, the following result is immediate.
Lemma 4.1. s = 0 is not a solution to (4.2) for i = 2, . . . , n.
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We rearrange (4.2) as
Hi (s) · Δ(s) = 1,

(4.3)
(4.4)

where

Hi (s) =

λi e−sh
,
s

i = 2, . . . , n,
Δ(s) =

1 − e−sδ
.
sδ

The advantage of the form (4.3) lies mainly in the separation of the parameter δ and
the eigenvalues of J, which will simplify the analysis. Similarly, for the γ-distribution
we have F (s) = e−hs (qs + 1)−p , and the corresponding characteristic equation can be
expressed as an interconnection scheme,
(4.5)

Hi (s) · Δγ (s) =

1
λi e−sh
·
= 1.
s
(qs + 1)p

Note that |Δγ (jω)| ≤ 1 ∀ω ∈ R, for any q.
4.2. Stability analysis. Given λi , the roots of (3.8) depend continuously on
the parameters of the distribution f (τ ) (see [5]). The method for stability analysis
can then be summarized as follows. (a) Check the stability of the delay-free dynamics
(3.8). (b) Calculate the characteristic roots on the imaginary axis, s = jω, of the
interconnection scheme Hi (s)Δ(s) − 1 = 0. (c) Check in which direction s = jω
crosses the imaginary axis with respect to the parametric domain of interest. Notice
that the characteristic equation in (4.2) does not necessarily exhibit complex conjugate
s solutions if λi ∈ C.
We present below the stability analysis of (4.3) for the case of uniform distribution. The technique is easily extendable to γ-distribution with and without a gap
with the construct of the interconnection scheme. The challenges in assessing the stability are (i) analysis should be performed in the multiple parameter space (h, δ, λi );
(ii) the interconnection scheme carries complex coeﬃcients; (iii) one of the parameters
from (i), δ, appears both in an exponent and in the denominator of the interconnection scheme. The complications (i)–(iii) prevent our beneﬁting from many stability
analysis techniques [3, 24, 17, 22, 15]. Before we introduce how to tackle these diﬃculties, we start with some conditions for the roots of (4.3) to exhibit imaginary axis
crossings.
The following algorithm enables the calculation of the curves in the (h, δ) domain
on which (4.3) has a solution of the form s = jω.
Computation algorithm for s = jω and (h, δ) pairs. Given λi , the characteristic roots s = jω crossing the imaginary axis and the corresponding parameter
pairs (h, δ) can be exhaustively computed as follows. First, we write the magnitude
condition in (4.3), at s = jω, which allows us to compute δ independently from h.
(This is a direct consequence of the separation feature introduced by the interconnection scheme interpretation.) Second, on the same equation (4.2), we write the
argument condition, which yields h.
Step 1. Deﬁne the continuous function fΔ : R → R+ by

sin2 u/u2 , u = 0,
(4.6)
fΔ (u) =
1,
u = 0.
Let
(4.7)

u=

δω
∈ R.
2
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Step 2. By substituting (4.7) into the magnitude of (4.3),
|Hi (jω)|2 |Δ(jω)|2 = 1,

(4.8)
one obtains

|λi |2
fΔ (u) = 1,
(ω)2

(4.9)

which can be alternatively written as
(4.10)

fΔ (u)

|λi |2 δ 2
4u2
= 1 ⇒ fΔ (u) =
= ku2 ,
2
4u
|λi |2 δ 2

where k = 4/(|λi |2 δ 2 ).
The following proposition is immediate using Steps 1–2 above.
Proposition 4.2 (frequency-sweeping characterization [17]). s = jω is a root
of (4.3) if and only if ω ≤ |λi |.
Proof. It is clear from (4.6) and (4.7) that |Hi (jω)| = |λi |/|ω| > 1 should be
satisﬁed such that (4.8) holds.
Step 3. One simply sweeps u and obtains ω from (4.9).
Step 4. Using u and ω from Step 3, solve for δ from (4.7).
Step 5. Deﬁne next
λi = |λi |ejφi

(4.11)

with φi = ∠λi ,

where φ ∈ (π/2, 3π/2) as per Lemma 3.1, and use the argument condition on (4.3) to
compute h.
Step 6. Rearrange (4.3) as
e−jωh =

−δ(ω)2
,
λi (1 − e−jδω )

from which one obtains the following by equating the arguments of both sides:
(4.12)

π
2

h=

1
[−π + φi + ∠(1 − cos(δω) + j sin(δω)) + 2π ],
ω

∈ Z.

Step 7. Using (4.7), it is clear that ∠(1 − cos(δω) + j sin(δω)) = tan−1
− u, simplifying (4.12) to

(4.13)

h=

 cos u 
sin u

=


1 π
− + φi − u + 2π .
ω
2

Proposition 4.3. There exists a connected stability region of the traﬃc ﬂow
dynamics (2.2) in the parameter space (h, δ) that includes the origin (h, δ) = (0, 0).
The bounds of this region on the δ and h axes are respectively given by




2φi − π
(2φi − π)2
and δ̄ = min −
.
(4.14)
h̄ = min
2≤i≤n
2≤i≤n
2|λi |
2|λi | cos(φi )
Remark 4.4. We shall show later that the stability region mentioned in the above
proposition is actually the unique stability region in the parameter space.
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Proof. When h = δ = 0, the distribution function in (2.3) is a Dirac delta
whose Laplace transform equals 1. From (4.2), the characteristic roots are s = λi ,
i = 2, . . . , n, where Re(λi ) < 0 by Lemma 3.1. Thus, (2.2) is stable for (h, δ) = (0, 0).
Consequently, the stability region in the (h, δ) parameter domain contains an open
neighborhood of the origin (h, δ) = (0, 0) [5]. We next calculate the stability margins
along the δ- and h-axes.
Stability when δ = 0. For δ → 0 the characteristic equation (4.2) becomes
s = λi e−sh .

(4.15)

Equation (4.15) has a stable root for h = 0 (see Proposition 4.3), and stability is lost if
a characteristic root crosses the imaginary axis for some h = 0. Thus, the stability is
preserved between h = 0 and the minimum positive h for which (4.15) has a solution
s = jω. This minimum h is computed as follows. By Lemma 4.1, the magnitude
condition on (4.15) yields ω = ∓|λi |, and the argument condition requires
(4.16)

h=


1  π
− ∓ φi + 2π ,
|λi |
2

∈ Z,

with +φi when ω > 0. Using the above equation, one obtains the smallest positive h,
h̄ as given in (4.14). Hence, when δ = 0, (4.2) is stable for h ∈ [0, h̄).
Stability when h = 0. The smallest positive value of δ for which stability is lost is
denoted by δ̄; that is, the stability interval along δ-axis is δ ∈ [0, δ̄). The characteristic
equation (4.2) when h = 0 is
δs2
+ e−sδ − 1 = 0.
λi

(4.17)

Letting s = jω, solving for the exponential term, and equating the magnitude conditions of both sides, one easily obtains δ:
δ=−

(4.18)

2|λi | cos(φi )
.
ω2

Moreover, solving the exponential term in (4.17), equating the arguments of both
sides, substituting δ from (4.18), and noting that ω = 0 by Lemma 4.1, we obtain
ω=

2|λi | cos(φi )
,
∠(− cos(2φi ) + j sin(2φi )) ± 2π

= 0, 1, 2, . . . ,

which simpliﬁes and gives rise to δ
(4.19)

ω=

2|λi | cos(φi )
,
π − 2φi ∓ 2π

δ=−

(π − 2φi ∓ 2π )2
.
2|λi | cos(φi )

When δ = 0 the dynamics is stable. Following the root continuity arguments [5], the
stability is lost for the smallest positive δ, which is attained when = 0 and equal to
δ̄ as given in (4.14).
Characterization of the geometry of the stability boundaries. The stability boundaries are among those curves in the (h, δ) parametric domain which give
rise to an s = jω solution in the interconnection scheme. In order to characterize
the geometry of the stability boundaries, one has to establish the link from u domain
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Fig. 4.1. fΔ (u) versus u. B and C are end points and the local maxima of the segments ℘ ,
 > 0, respectively.

to (h, δ). To achieve this, we give some deﬁnitions ﬁrst. Deﬁne the extrema points
of fΔ function with A(fΔ (0)), B (fΔ ( π)), and C (fΔ ((2 + 1)π/2)), = 1, 2, 3, . . . ;
see Figure 4.1. Partition fΔ (u) into segments and label each one of them as follows:
℘0 = fΔ (u) with u ∈ [0, π]; ℘, = fΔ (u) with u ∈ [ π, (2 + 1)π/2]; ℘,+1 = fΔ (u)
with u ∈ [(2 + 1)π/2, 2 π], = 1, 2, 3, . . . . Obviously,


℘,+1 ∀ > 0.
℘ , where ℘ = ℘,
(4.20)
fΔ =
≥0

Notice that each of the “segments” ℘0 , ℘, , and ℘,+1 as a function is monotonic
with respect to the variable u, as seen in Figure 4.1. The points B and C in this
ﬁgure correspond to the end points and the local maxima of the segments ℘ , > 0,
respectively. Due to the symmetry of the function fΔ , f (u) = f (−u), and by (4.7),
we will restrict our subsequent analysis to positive ω, ω > 0.
Monotonicity properties. We will now utilize the monotonicity properties of
the “segments” of fΔ (u) in order to explain how their mapping in (h, δ) forms. We
ﬁrst comment on the extremities in u and (h, δ) domains. Given λi , at point A we
have fΔ (u = 0) = 1; hence from (4.8), ω = |λi | and from (4.7), δ = 0. At the end
points of ℘ , that is B and B+1 , we have limu→π fΔ (u) → 0+ ; thus for a solution of
the interconnection scheme in the form of s = jω to exist, it is clear from (4.9) that
ω → 0+ . Therefore, the image of B and B+1 on (h, δ) space corresponds to inﬁnity,
since these curves are open-ended curves.
Recall that if s = jω solution of the interconnection scheme exists, then (4.10)
holds. This indicates that u solutions of (4.8) lie at the intersection points of the
curve fΔ (u) and the parabola u2 parameterized by k. This relationship is generically
depicted in Figure 4.2(a) for various k values and for positive u > 0. Notice from
(4.10) that δ is inversely proportional to k.
Let us now elaborate on Figure 4.2(a), since it depicts the geometry of the solution
points in u (such as points C, D, E, and F ), which we will use for characterizing the
corresponding geometry in the (h, δ) domain. Denote this correspondence from u
domain to (h, δ) domain by fΔ (u) → ζ(h, δ) : R+ → R × R+ . Next, deﬁne ζ0 , ζ, ,
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Fig. 4.2. (a) Generic depiction of fΔ and ku2 versus u, where the parabola sweeps the ﬁrst
quadrant counterclockwise with increasing k. Inset: Distinction between points D1 and C1 . (b) The
mapping of the intersection points between fΔ and ku2 to the (h, δ) domain (Ci → Ci , Di → Di ,
E → E  , etc.). Arrows indicate decreasing direction of ω.

and ζ,+1 segments in the (h, δ) domain that correspond to the segments
℘0 , ℘, ,

and ℘,+1 , respectively, in u domain, and similarly, let ζ = ζ, ζ,+1 ∀ > 0.
Figure 4.2(b) presents generically some of these curves in the (h, δ) domain, where E 
corresponds to E of Figure 4.2(a); D1 , D2 , D3 , etc., are the mappings of the points at
which the parabola in Figure 4.2(a) is tangent to ℘11 , ℘22 , ℘33 , etc., segments (shown
in Figure 4.1), respectively; C1 , C2 , C3 , etc., are the mappings of the local maxima
points C1 , C2 , C3 , etc., at which the maximum omega on a respective ζ , > 0, curve.
The points C can also be seen as the end points of ζ, and ζ,+1 curves.
Notice that, for a given λi , intersection points in Figure 4.2(a) for ﬁxed k give
rise to ﬁxed δ, as per (4.10). For instance, for a particular selection of k, the parabola
may intersect ℘1,1 and ℘1,2 , giving rise to two points, one on ζ1,1 and the other on
the ζ1,2 curve. Furthermore, all such points are earmarked by ω. See the two points
in Figure 4.3(c)–(d) labeled with ω1 and ω2 as an example.
Remark 4.5. The ζ0 curve in Figure 4.2(b) is due to mapping of the ℘0 segment;
see also Figure 4.3(a)–(b). For the remaining segments, we state the following. For a
given k, any two points at the intersection of the parabola and the segment ℘ , > 0,
give rise to two points on the ζ curve; see Figure 4.3(c)–(d). These two points are
generated by two distinct u values, the larger of which corresponds to the larger ω as
per (4.9). It is clear from (4.13) that larger u corresponds to smaller h. Consequently,
the point marked by ω1 in Figure 4.3(c)–(d) arises from the intersection between ku2
and ℘1,2 ; thus it lies on the ζ1,2 curve, and ω1 > ω2 holds. The arrows on ζ curves
in Figure 4.2(b) and Figure 4.3(c)–(d) indicate the direction of decreasing ω on the
respective curves. Finally, the point marked with C indicates the location of maximum
ω attained on the curve ζ , > 0, which is clearly due to the local maximum of the
fΔ curve in the interval u ∈ (π, 2π) (maximum u thus maximum ω as per (4.13)).
Figure 4.3 presents separately the way in which the ﬁrst two curves (℘0 → ζ0 and
℘1 → ζ1 ) are generated.
Proposition 4.6 (crossing curve characterization). The boundary of the stability region deﬁned in Proposition 4.3 and depicted in Figure 4.3 arises from the
correspondence ℘0 (u) → ζ0 (h, δ). The necessary and suﬃcient condition forming this
boundary in the (h, δ) domain is obtained only from the interval u ∈ [0, π/2).
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Fig. 4.3. (a)–(b) Mapping of ℘0 to ζ0 . (c)–(d) Mapping of ℘1 = ℘1,1 ∪ ℘1,2 to ζ1 = ζ1,1 ∪ ζ1,2
(℘1,i → ζ1,i , for i = 1, 2). Arrows indicate the decreasing direction of ω, which attains its maximum
on a respective ζ curve at point C ,  > 0.

Proof. (i) Condition u ∈ [0, π/2). By Proposition 4.3, the stability boundary
intersecting the h axis, h̄, is created when δ = 0. Since δ = 0 corresponds to u = 0,
starting from u = 0, tracing the intersection points of the parabola ku2 and the curve
℘0 , one extracts the boundary of the single connected stability region in (h, δ). On
this boundary, δ is monotonically increasing considering (4.7) and Proposition 4.8.
To complete the proof, one should take into account the constraint of h > 0. Hence, δ
should increase until h becomes zero. This occurs when the boundary of the stability
region intersects the δ-axis at δ̄; see Proposition 4.3. The u value corresponding to δ̄
is u = ωδ/2 < π/2 as per (4.19).
(ii) Necessary and suﬃcient condition. There exists no u interval other than
u ∈ [0, π/2) that gives rise to a (h, δ) point on the stability boundary, since fΔ (u)
values attained in the interval u ∈ [0, π/2) cannot be attained by any u > π/2. Hence
u ∈ [0, π/2) is necessary and suﬃcient for the computation of this boundary.
Remark 4.7. Geometrically, the interval u ∈ [0, π/2) corresponds to the segment
AF in Figure 4.2(a).
Proposition 4.8 (local monotonicity property). On the stability boundary, increasing k monotonically decreases u and δ solutions arising from the intersection
points between fΔ (u) and the parabola ku2 .
Proof. From (4.10), k = fΔ (u)/u2 . The variation of k with respect to u is
dk
1
2


du = fΔ (u) u2 − u3 fΔ (u). Since fΔ (u) > 0 and fΔ (u) < 0 in the interval u ∈ [0, π/2)
deﬁning the stability boundary, dk/du is negative. Recall that δ and k are inversely
proportional; thus δ on the stability boundary is decreasing for increasing k.
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Readers are directed to the work in [11] as an example of the deployment of
monotonicity ideas which gives rise to the characterization of the geometry of stability
regions of a class of delay diﬀerential equations.
Lemma 4.9. dh/du on the stability boundary is nonpositive for all u ∈√[0, π2 ).
Proof. From (4.9), ω 2 = fΔ |λi |2 . For u ∈ [0, π/2), one can take ω = fΔ |λi | =
sin(u)|λi |/u for studying the variations of h in (4.13). Note that the h variation on
the stability boundary is obtained for = 0; see Proposition 4.3. Hence, the variation
of h along the stability boundary is found as
(4.21)

A(u)φi + B(u)
d (φi − π/2 − u)u
=−
,
du
|λi | sin(u)
2|λi | sin2 (u)

where A(u) = 2u cos u − 2 sin u and B(u) = 4u sin u − uπ cos u − 2u2 cos u + π sin u.
Notice that A(u) < 0 for all u ∈ (0, π/2) since u < tan(u) in this interval; thus the
inequality in (4.21) becomes A(u)φi + B(u) > 0, which can be rewritten as
 π
B(u)
> φi ∀u ∈ 0,
,
−
A(u)
2
where in our case φi ∈ (π/2, 3π/2). Consequently, it is suﬃcient to prove that
−B(u)/A(u) > 3π/2, that is,
 π
u
2u − π
−
< 0 ∀u ∈ 0,
.
u−π
tan(u)
2
The fact that the above inequality holds can be seen from Figure 4.4. Although an
analytical proof can be given, the algebraic manipulations are rather involved and
thus omitted.

Fig. 4.4. Plot of

2u−π
u−π

−

u
tan(u)

versus u, u ∈ (0, π/2).

Remark 4.10. By Proposition 4.8 and Lemma 4.9, increasing u corresponds to
increasing δ and decreasing h. Hence, on the stability boundary, we have the property
∂δ ∂u
∂δ
∂u ∂h = ∂h < 0.
Remark 4.11. Since parameter u depicting the stability boundary is bounded
as per Proposition 4.6, all ω satisfying the interconnection scheme belong to the set
Γω = {ω | Hi (jω)Δ(jω) − 1 = 0, u = δω/2, u ∈ [0, π/2)}. As such, the imaginary
roots on the stability boundary are given by the set jΓω . From (4.9), one can obtain
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√
Γω as Γω = ( 2|λi |/π, |λi |]. This interval of ω is obviously a subset of the interval
claimed in Proposition 4.2, since the interval of u creating the stability boundary is
now restricted as u ∈ [0, π/2).
Let us comment on the remaining part of the ℘0 curve, u ∈ (π/2, π). Following
part (i) of the above proof, we state that corresponding h values obtained by u,
u ∈ (π/2, π), are all negative and thus ignored. Values of h on the curves obtained
by the shifting 2π /ω, = 1, 2, . . . , as per (4.13), however, may become positive, and
thus should be carefully treated.
Proposition 4.12 (crossing curves property). The curves ζ, and ζ,+1 , ≥ 1,
do not intersect the stability boundary formed by ζ0 .
Proof. It is suﬃcient to prove inf δ∈(ζ, ∪ζ,+1 ) δ > supδ∈ζ0 δ. From Proposition 4.8, it is clear that inf δ∈(ζ, ∪ζ,+1 ) δ arises from the u = u1 value at point D1 in
Figure 4.2. As per Propositions 4.6 and 4.8, supδ∈ζ0 δ is found at u = π/2 (point F
in Figure 4.2). Since u1 > π/2, using Proposition 4.8, one can see that the inequality
inf δ∈(ζ, ∪ζ,+1 ) δ > supδ∈ζ0 δ holds.
It is now proven that ζ0 does not intersect with the remaining ζ,i (i = , + 1,
≥ 1) segments; however, one also needs to show stability properties around the
regions bordered by all the ζ curves in order to reveal the stability regions in the
parametric domain of (h, δ). The following proposition helps achieve this.
Proposition 4.13 (crossing direction along h, for δ ﬁxed). Given λi and δ, the
crossing direction of the imaginary root(s) s = jω along the h-axis is independent of
the delays h + 2π
= 0, 1, . . . , creating these imaginary roots.
ω ,
Proof. The characteristic equation χi in (4.2) can be expressed as χi = s −
λi e−sh Δ(s) = 0 using (4.4). Then, the sensitivity expression at s = jω, after suppressing the arguments to conserve space, becomes
(4.22)




−1 

ds 
∂χi ∂χi
sλi e−sh Δ

S(jω) =
= −
=−
,

−sh

dh
∂h
∂s
1 + λi e
(hΔ − Δ ) 
s=jω

where Δ =
(4.23)

∂Δ
∂s .

s=jω

s=jω

The above equation simpliﬁes to


sΔ

S(jω) = − −1 sh
.
λi e + hΔ − Δ s=jω

R (ω)+jSN I (ω)
Let S(jω) = SSN
with SN R , SN I , SDR , SDI ∈ R. Then the real part of
DR (ω)+jSDI (ω)
(4.23), which indicates the crossing direction of the s = jω root across the imaginary
axis, becomes

(4.24)

(S(jω)) =

SN R SDR + SN I SDI
.
2
2
SDR
+ SDI

Notice that if sgn( (S(jω))) = +1 (or −1), this will indicate an imaginary axis
crossing from left to right (or from right to left) half of the complex plane. Since the
denominator of (4.24) is positive, it is dropped for studying the sign. Consequently,
the numerator of (4.24) will determine the crossing direction, which becomes



 jhω 
 jhω 
e
e


− (Δ) h (Δ) − (Δ ) +
ω
(Δ) h (Δ) − (Δ ) +
λi
λi



 jhω 
 jhω 
e
e
=ω
(Δ) − (Δ ) +
(4.25)
− (Δ) − (Δ ) +
.
λi
λi
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After some manipulations and dropping ω > 0, this yields
(4.26)

sgn ( (S(jω))) = sgn

 


jhω
) ,
Δ̄(jω)(Δ (jω) − λ−1
i e

where Δ̄(jω) is the complex conjugate of Δ(jω). Notice that the above equation
is independent of h due to the exponential terms ejhω remaining unchanged for the
selection of h + 2π
ω , = 0, 1, . . . .
Remark 4.14. The invariance feature of the root sensitivity expression in (4.26)
enables an eﬀective tool which helps reveal the stability/instability regions of the traﬃc
dynamics in the entire (h, δ) ∈ R2+ parametric domain.
We ﬁnally develop some ideas in the following borrowing from the implicit function
theorem in order to study the smoothness and stability transition behavior around
the ζ0 curve in (h, δ) domain.
4.3. Local vs. global characterization. We elaborate on the geometry of ζ0
from the implicit function theorem [14], which states that, on the imaginary axis, the
characteristic equation a(s, h, δ)|s=jω = Hi (jω)Δ(jω) − 1 = 0 may be used to locally
express h and δ in terms of ω as an implicit function, in the form of (h, δ) = ϕ(ω),
if da/dω = 0 holds. This condition is nothing but the deﬁnition of the existence of
regular points that allows the implementation of the implicit function theorem locally.
By the help of the interconnection scheme interpretation and the monotonicity
ideas, the local representation can be extended. Following the theorem, one ﬁrst classiﬁes the points on ζ0 in the (h, δ) domain. Such a classiﬁcation identiﬁes whether
the implicit function theorem is applicable or not on the function a(s, h, δ) = 0. Parameter δ is continuous on ζ0 , and its variation with respect to k is nonzero. Similar
arguments also hold for h; see Proposition 4.6). The smoothness and nonzero derivative of the variables h on ζ0 indicate that ζ0 consists of only “regular points.” This
suﬃces to show that the theorem is applicable around any local point of ζ0 . By introducing the variable u along with the interconnection scheme, which only scales ω,
we manage to separately express h = ϕ1 (u) and δ = ϕ2 (u) globally on the stability
boundary ζ0 .
So far we have shown the existence and the geometry of the stability region
connected to the origin of the parametric domain (h, δ), intersecting the h and δ
axis. In the following, the characterization of the stability/instability transition of
the dynamics in (h, δ) using (4.2) is presented. For this objective, we use the idea
based on the implicit function theorem [9], along with the separation of variables h
and δ via the interconnection scheme that we have considered.
Take the characteristic equation a(s, h, δ) = Hi Δ − 1 = 0. When s moves along
the imaginary axis, an (h, δ) pair moves along ζ0 (h, δ). Let us ﬁrst deﬁne the following
for a given ω ∈ Γω on the ζ0 (h, δ) curve:

R0 =

I0 =

j ∂a(s, h, δ)
s
∂s
j ∂a(s, h, δ)
s
∂s


R2 = −




R1 = −

,
s=jω



1 ∂a(s, h, δ)
s
∂δ


I1 = −

,
s=jω



1 ∂a(s, h, δ)
s
∂h

1 ∂a(s, h, δ)
s
∂τν


,
s=jω

I2 = −


,
s=jω



1 ∂a(s, h, δ)
s
∂δ

,
s=jω


.
s=jω
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By Lemma 4.1, a(s, h, δ) = 0 is an analytical function, and using the implicit
function theorem, the tangent of ζ0 (h, δ) is expressed as
−1 




 
1
R0
R0 I2 − I0 R2
dh/dω
R1 R2
=
,
(4.27)
=
I1 I2
I0
I0 R1 − R0 I1
dδ/dω
R1 I2 − R2 I1
provided that R1 I2 − R2 I1 = 0. In order to characterize the stability transition,
one needs to consider h and δ as functions of s = μ + jω. Since the tangent of
ζ0 (h, δ) along the positive direction (i.e., increasing ω direction) is (dh/dω, dδ/dω),
the normal to the ζ0 (h, δ) curve pointing to the left-hand side of the positive direction
is (−dδ/dω, dh/dω). Also, as a pair of complex conjugate roots of a(s, h, δ) = 0 crosses
the imaginary axis at s = jω to C+ , (h, δ) moves along the direction (∂h/∂μ, ∂δ/∂μ).
So, if the inner product of this vector with the normal vector is positive, i.e.,


∂δ δh
∂h ∂δ
−
(4.28)
> 0,
∂ω ∂μ ∂ω ∂μ s=jω
then the region on the left of the stability curve ζ0 (h, δ) at s = jω has two more
unstable roots than the right of ζ0 (h, δ) curve. On the other hand, if the inner
product is negative, then the region on the left of the stability curve ζ0 (h, δ) has two
fewer unstable roots than the region on its right. Similar to the tangency condition
deﬁned in (4.27), we can express (∂h/∂μ, ∂δ/∂μ) as in the following:
(4.29)

 
−1 



1
∂h/∂μ
R1 R 2
I0
R0 R2 + I0 I2
=
=
.
∂δ/∂μ
I1 I2
−R0
−R0 R1 − I0 I1
R1 I2 − R2 I1
Proposition 4.15. Given any (h, δ) pair on the stability curve ζ0 (h, δ), the
inequality (4.28) is always satisﬁed.
 ∂h ∂δ

∂δ δh
Proof. Simple manipulations show that ∂ω
∂μ − ∂ω ∂μ s=jω > 0 if

(4.30)

R2 I1 − R1 I2 =

|λi |
ω

2

4 sin2 (δω/2) − δω sin(δω)
> 0.
(δω)3

As per (4.7) and from Proposition 4.6, for u ∈ (0, π/2), the inequality in (4.30) can
be alternatively studied over
(4.31)

2 sin2 (u) − u sin(2u) > 0,

u = 0.

This inequality always holds since it can be rewritten in the form of a well-known
trigonometric property, sin(u)/u > cos(u), in the interval u ∈ (0, π/2). For the case
when u = 0, we state that fΔ is continuous and its derivative exists at u = 0; therefore
similar arguments on the smoothness of ζ0 hold for u = 0 as well.
Remark 4.16. Since the region below ζ0 is known to be stable, Proposition 4.15
indicates that the region on the other side of ζ0 has two unstable roots. Also, with the
above proof, the smoothness of the stability curve ζ0 is guaranteed.
γ-distribution with and without a gap. We ﬁnally comment on the γdistribution with and without gap. By (4.5), the characteristic equation is
(4.32)

s(qs + 1)p − e−hs λi = 0.

When h = 0, the above equation becomes a polynomial in s whose stability is easy
to determine. At the origin of the parameter domain (p, q) = (0, 0), the characteristic
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equation becomes s − λi = 0, which is stable by Lemma 4.1. For p = 0 or q = 0, the
stability can be studied by numerical computation of the roots or by using the jury
test. In the example case studies, we will study the stability of (4.32) via numerical
computations.
When the γ-distribution has a positive gap h, the analysis is more complicated.
In the parametric domain of (p, q), the problem reduces to assuring the stability of
the dynamics (2.2) with respect to λi and gap h. We study the stability in the (h, q)
parametric domain by taking ﬁxed p values. The procedure is as follows. Using the
fact that eigenvalues of J are in complex conjugate pairs, one can reform the characteristic equation directly from (3.8) with real coeﬃcients and perform the stability
analysis for various selections of ﬁxed p in the domain of (h, q). We mention that
there exist various techniques in the literature to handle this analysis [17, 10, 22, 24].
5. Illustrative examples. In the following, some example cases are presented
to demonstrate the memory eﬀects on the stability of traﬃc ﬂow dynamics and their
physical interpretations. The developed theory equally allows one to study various
scenarios such as the inﬂuence of the number of vehicles, presence of nonidentical
drivers, aggressiveness of drivers, etc. In order to preserve coherence among the
example cases, we will present the case when the drivers are identical (thus κi = κ) and
compare the arising stability features of traﬃc dynamics with respect to aggressiveness
of the drivers κ and the two spatial conﬁgurations given in Figure 2.2.
5.1. Uniform distribution. We take κi = κ = 1.5 and κi = κ = 2, respectively,
which are in the same order of magnitude with those given in [2]. Figure 5.1(a) depicts
the stability region for the ring conﬁguration. The region shaded by light gray, Φ1 ,
represents the stability domain when κ = 2. When κ = 1.5, the stability region is
enlarged by an additional region labeled as Φ2 (dark grey); hence Φ1 ∪ Φ2 becomes
the stability region.
From Figure 5.1(a) we conclude that for both κ values the size of the memory
window that is “tolerable” (to maintain stability) is the widest when h = 0. With a
nonzero dead-time (h = 0) the allowable window size becomes narrower and eventually
disappears.

Fig. 5.1. (a) The size of the memory window δ (sec) versus h (sec) for the system (2.2) with
uniformly distributed delays (2.3) and n = 20 vehicles. The shaded area is the stability region.
(b) Comparison of stability regions for ring and linear spatial conﬁguration of vehicles, with κ = 2
and n = 20 vehicles.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

756

R. SIPAHI, F. M. ATAY, AND S.-I. NICULESCU

Fig. 5.2. Stability regions in the parameters mean delay and memory size, for n = 20 vehicles.
(a) Ring conﬁguration for κ = 1.5 and κ = 2, (b) comparison between linear and ring conﬁgurations
with κ = 2.0.

5.1.1. Stability regions for ring and linear conﬁgurations. We now compare the stability regions for the diﬀerent spatial conﬁgurations of the vehicles depicted in Figure 2.2. Figure 5.1(b) compares the stability regions for n = 20 vehicles.
The regions labeled by Φ1 in subﬁgures (a) and (b) are identical. Thus, the linear
conﬁguration oﬀers an enhancement in the stability by the additional Φ3 region.
The stability enhancement in the linear conﬁguration can be explained mathematically. In a global sense, one can state a measure of the stability enhancement by
how large h̄ and δ̄ are. This can be easily checked by the results in Proposition 4.3.
By Lemma 3.1, the eigenvalues of the conﬁguration matrix J  are real in the linear
conﬁguration, implying φ = π. For this setting of φ, it can be veriﬁed from (4.14)
2
that h̄ and δ̄ attain their maximum values: h̄ = 2κπmax and δ̄ = 2κπmax . This can be
proven by assuming identical drivers with special form of λi as per (3.5), which can
be used in (4.14) to show that as φ → π, the stability margins increase on both h
and δ axes.
Physically, the linear conﬁguration represents more degrees of freedom in the
coupled dynamics, since the leading car is not restricted by the traﬃc, whereas in
the ring conﬁguration the motion of each vehicle plays a role in determining stability,
thus limiting larger stability regions.
5.1.2. Stability with respect to mean delay versus memory size. We now
present stability regions in the parameter domain mean delay (h+δ/2) versus memory
size (δ). The mean of the uniform distribution represents the averaged eﬀects of the
memory, and it converges to the discrete delay case as the memory size approaches
zero. Hence, the mean can also be seen as a link from discrete to distributed delays.
The traﬃc scenario is the same as in section 5.1. We ﬁrst take a ring conﬁguration
of n = 20 vehicles with identical drivers and depict the stability regions in the new
parametric domain. Thus, the stability pictures in Figure 5.1(a) correspond to those
in Figure 5.2(a). The region Φ1 is distorted in the new domain, h × δ → (h + δ/2) ×
δ : Φ1 → Λ1 , and similarly (Φ1 ∪ Φ2 ) → (Λ1 ∪ Λ2 ). Figure 5.2(b) compares the
stability regions for the ring and linear conﬁgurations, for κ = 2.0. The labeled
regions correspond to those in Figure 5.1(b) as Φ1 → Ω1 , and (Φ1 ∪ Φ2 ) → (Ω1 ∪ Ω2 ).
Figure 5.2(a) shows how overaggressive drivers (large κ) cause instability, unless
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Fig. 5.3. (a) Maximum allowable mean delay and the corresponding variance of the γdistribution (h = 0) for varying p values. (b) Crossing boundary in mean vs. variance of the
γ-distribution (h = 0).

Fig. 5.4. (a) Stability regions in (h, q) domain for various values of the parameter p of the
γ-distribution with gap. (b) Corresponding stability boundaries in (h, pq) domain.

the mean delay and the memory window are reduced, i.e., they can react almost
instantaneously. This is analogous to feedback control systems where high gains may
cause instability. Figure 5.2(b) shows that the linear conﬁguration of the vehicles
allows larger memory windows that can be utilized by the drivers without inducing
instability. For this particular example, the allowable memory size (that preserves
stability) in linear conﬁguration of the vehicles is ﬁve times more than that of the
ring conﬁguration. An interesting observation from Figure 5.2(b) is that if the mean
delay is relatively large (e.g., h + δ/2 = 1 in linear conﬁguration), stability is still
possible, but too small or too large window sizes yield instability. In contrast, for
smaller values of mean delay, the window size can even become zero, resuming the
discrete delay case. This clearly shows the nontrivial qualitative eﬀects of distributed
delays.
5.2. γ-distribution with and without gap. We consider n = 3 vehicles and
identical drivers with κ = 2. For h = 0 and p ∈ [2, 6], we identify the maximum
allowable q for which the characteristic equation (4.32) remains stable. Using these q
values, the mean pq and the variance pq 2 of the distribution are plotted with respect
to the parameter p in Figure 5.3. Notice that for smaller p the variance becomes
larger, which corresponds to larger mean delay. This is also an indication of larger
stability regions. In other words, increasing the variance of the delay distribution for
a ﬁxed mean delay enlarges the stability region.
In the case of a nonzero gap h, i.e., in the presence of a dead-time, the stability
regions are shown in Figure 5.4(a) as p values. The shaded zones S3 , S2 ∪ S3 , and
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S1 ∪ S2 ∪ S3 correspond to stability regions for p = 4, p = 3, and p = 2, respectively.
The subplots in Figure 5.4 have the same color coding. Note that the inﬂuence
changing p on the stability region is more pronounced for small values of h than for
larger values. We emphasize that, when modeling memory eﬀects, the presence of a
gap may not be negligible since the dynamics may become sensitive even to a small
gap.
6. Conclusions. We have studied the stability of a single-lane microscopic carfollowing model in the parametric domain describing the delayed reactions of human
drivers. In contrast to the literature, we have modeled such delayed reactions based
on the “memory capabilities” of human drivers, which assumes that control actions
are based on a “memory window” distributed over the the time history of the traﬃc
ﬂow dynamics. The resulting system with distributed delays oﬀers a more realistic
model, although the corresponding stability analysis becomes more diﬃcult. In the
analytical development of the paper, we have derived necessary and suﬃcient conditions for the stability of the traﬃc ﬂow with distributed delays. Numerical examples
have been given for two common delay distributions, two spatial conﬁgurations, and
a realistic set of parameter values. The results show some nontrivial eﬀects of distributed delays and reiterate that the modeling and analysis of traﬃc holds many
mathematical challenges.
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